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1 Introduction

There is a well-known correspondence between classical modular forms contained in the
Kohnen space and the Maass Spezialschar of Siegel modular forms, called the Saito-
Kurokawa-Lift. Kojima [11] and Krieg [8] found an Hermitian anlogue of this lifting.
By the work of Maaf}, Andrianov and Zagier the Saito-Kurokawa lift was produced as
a compostion of two liftings involving Jacobi forms, see [3], the Hermitian analogue was
constructed in a similar way. In [18] Sugano generalized this lifting from Jacobi forms to
holomorphic cusp forms on SO(2,m + 2). Note that m = 1 refers to Siegel- and m = 2 to
Hermitian modular forms.

A different proof for the Saito-Kurokawa lift for Siegel modular forms was given by
Duke and Imamoglu in [2] using a converse theorem of Imai [7]. In [14] we applied the
method of Duke and Imamoglu to the Hermitian case.

Recently we gave simpler proofs for the Saito-Kurokawa lift, see [12], [13], where we
may skip the analysis of the spectral Koecher-Maass series. The crucial point in our
proof is the observation, that the partial Mellin transform of the Saito-Kurokawa-lift of
f coincides with a theta lift of f matched with an Eisenstein series, which can easily be
evaluated by applying the Rankin Selberg method.

The purpose of the present paper is to generalize this proof for forms on orthogonal
groups.

2 Orthogonal modular forms

Siegel modular forms can be regarded as modular forms on SO(2,3), the Hermitian case
corresponds to SO(2,4) . Here we shall consider forms on SO(2,m + 2).

2.1 The tube domain

Let S; and S5 denote the bilinear forms over the reals given by the matrices

1
Sl == _2Em
1
with E,, the m-dim. identity matrix and
1
Sy = S1
1

and corresponding quadratic forms Q;(z) = %ztSZ-z =: S;[z]. Q2 has signature (2,m + 2)
and @ has signature (1, m+ 1), the corresponding orthogonal groups O(Q;) are therefore
isomorphic to O(1,m + 1) and O(2,m + 2), respectively. Write Qo = Q3 L Q, for the
orthogonal decomposition of ()5 into its positive and negative definite parts.

Due to the natural injection

h — h



we consider O(Q)1) as subgroup of O(Qs).
There is a symmetric space associated to O(Q2, R). We are going to work with the
so-called tube domain model of this space. The tube domain is defined by

H={Z=(21,w,2) € C"? 32,3z >0,wc C",Q (3Z) > 0}.

In order to understand the action of the orthogonal group on this space one may
regard the the zero space N’ = {(a, Z,b)t € C™™ : Q5((a, Z,b)") = 0} on which O(Q,,R)
acts by matrix multiplication. The condition Qz((a, Z,b)") = 0 then is equivalent to

ab = —Q1(2).
Now one can show, that for Z € H and g € O(Q2, R) matrix multiplication gives
~Q1(2) —@1(9(2))
g Z =b(g, 2) 9(Z)
1 1

with some uniquely determined tuple (b(g, Z),g(Z)).

The factor b(g, Z) is an automorphy factor, it satisfies the chain rule b(gh, Z) =
b(g, h(2))(b(h, Z).

The map g : 2 — ¢(Z) induces a transitive action of the real orthogonal group
O(Q2,R) on H U —H as a group of biholomorphic automorphisms in such a way, that
either g restricts to an automorphism on ‘H and —# or it interchanges the two components.
We define O(Q2,R)™ to be the subgroup of those automorphisms stabilizing H.

The stabilizer group Ky of Zy = (4,0,..,0,7)" in O(Q2,R)" is a maximal compact
subgroup and so we end up with a symmetric space as stated above.

1
The injection o : h — h provides us with a subgroup ¢(O(Qy,R)) of

O(Q2,R) and we define

O"(Q1,R) :=={h € O(Q1,R) : a(h) € OF(Q2,R)}.
For h € O(Q1,R) we have

1 —1(2) -Q1(2) —Q1(hZ2)
h z | nz = hz | (1)
1 1 1 1

Therefore h € OT(Q1,R) if the matrix multiplication Z — hZ stabilizes H. In this
case o(h)(Z) = hZ.

One finds, that o(SO™(Q1,R)) acts transitively on the subspace of purely imaginary
elements iy € H with @Q1()) =1 (so @1(iY) = —1) which corresponds to matrix multi-
plication on

Hm+1 = {y = (y17v7y2)t € Rm+2 Y1, Y2 > O,U S Rm?Ql(y) = 1}
To be concrete, let Y = ((1 +v'v)y~!, v, y)! € H,,y1. The matrix

y! 2uy~! wtuy!

Y



is in SO*(Q;) and maps the element e := (1,0,...,0,1) € H,,;; to Sye = V.

The stabilizer group Ky N SO'(Qy) is in SO (Q1,R) and so H,,,; corresponds to the
symmetric space SO'(Q1, R) /Ky and is therefore a model for m+1-dimensional hyperbolic
space.

2.2 Modular forms
We define a subgroup I' of O(Q2, R)* N GL,,+4(Z) generated by the elements

-1
—1 1 =¢'S1 —@i(¢)
J = E,, n(¢) = FE,, ¢ , Cez™
-1 1
-1
and
1

A , AeO0"(Q1,R)NGL,.2(Z)

1

We define holomorphic modular forms for I' on the tube domain H.

Definition 2.1. A holomorphic function F' on H is a holomorphic modular form of weight
k € N with respect to I' if

F(y(2)) =t (~,2)F(2) (3)
for all v € T'. This space is denoted by M (T).
Note, that
N —Q1(2) —Q1(Z2) = ¢*512 = Q1(¢) —Qi1(Z+()
n(¢)Z = n(Q) Z = Z+C = Z+C
1 1 1

Therefore the matrix n({) corresponds to the translation Z — Z + (. By virtue of (1)
we find

F(v(2)) = F((Z)). (4)
fory eI :=TNao(0OM(Q1,R))
We define L to be the set of vectors T = (A, u, v)" where \,v € Z,u € Z™. L+ refers
to those with A, v, Q1(T) > 0.
Now each holomorphic modular form F'(Z) admits an absolutely convergent Fourier
development
F(2)= Y  ATe(T'S2). (5)
TEL,Q:1(T)>0

Note, that the Koecher-principle is valid, and therefore we have no summands for 7
with Q(T) < 0. See e.g. ([9]).

If 7 € Land Qi(T) > 0 then for U € Ty also UT € L and Q1(UT) > 0 and the
Fourier coefficients satisfy the unimodularity property

4



A(T) = A(UT) (6)
for any U € O1(Q1) N GL(m + 2,Z). The latter follows from (4) by virtue of

FUZ = > AMe(T'S$UZ)
TeL,Q1(T)>0
= Y AT)e(T'U'S:12)
TeL,Q1(T)>0
= Y AMe(UT'T)S2)
TeL,Q1(T)>0

= > AUT)e(T'S:2).

2.3 Saito-Kurokawa lift

Let U be the finite dimensional representation of SL(2,Z) introduced in section 3 and for
even k > % let f = (f.) be a vector-valued cusp form from S(k —m/2,U) with Fourier
coefficients a,(n), see section 5 for more details.

The function F'(Z) on H defined by

F(Z) =Y AT)e(T'S2) (7)

TeL

where A(T) =>4 dk_la*(%) with e(7) = max{g e N: T/q € L} and

a*(n) = Z an(n).

4Q1(a) = n(mod 4)

is called the Saito Kurokawa lift of f.
The main purpose of this paper is to present a short proof for the following

Theorem 2.1. Let f € S(k—m/2,U) and F(Z) is the corresponding Saito-Kurokawa
lift. Then F(Z) is an element of Si(I').

For the proof we show that for Y € H,,; the Mellin transform
F(iY,s) = /00 F(iu%y)us_ldu
0
satisfies a functional equation
F(iY,s) = F(iY, k —s) (8)
and then use a converse theorem. The functional equation may result from corresponding

equations for the spectral Koecher-Maass series. This was elabourated by Imai in [7] and
used by Duke and Imamoglu in [2].



Here we use a shorter argument as we already did in [12], [13]. It results from the
observation that

- 1 1 k—1
F(Zy, S) = §7T_§_5F(S + 5)((28 —k+ 1)Sf(y,3 - T)

where S;(Y, s — 551) is a theta lift of f matched with a real-analytic Eisenstein series,

see (21). The analytic properties of the Eisenstein series, especially its functional equation,
carry over to F/(i), s).
We proceed with delivering the details of the argument.

3 Theta series

3.1 Theta series for ()

We have a closer look at the quadratic form Q; = %Sl.

Lemma 3.1. Let T € LT, Y € H,,.1. Then
Z) TtSly >0

i) (T'S1Y)? = 2Q7 [S3M[T] + 2Q1[T] with Qf = 1 2F,,

i) QY[SYIT) = QF [y [y ' T] for v € T,

Remark. The matrix P = Qf[S{,l} is a majorant for (); in the sense of Siegel, i.e.
P is symmetric and positive definit and PQ;'P = Q;. One may check this by a simple
calculation.

Proof. (i) Let Y = ((14+v'v)y ™!, v,y) with y > 0. Then €'$;Y = (1+v'v)y ' +y > 0.
Since T° := T/+/Q1(T) € H,,41 we can choose S7o € SOT(Q1;R), see (2), such that

Stoe = TO. Therefore
71813) = 4/ Ql(T)etSlS}(}y >0
since S}éy e H,yq.
(i)
(7—':813})2 - 7't51y37t517’ == 7_1515’31662555;517‘
= TtSthSleetSlS;,lT
= T'Sylee'Sy'T.
The statement follows since ee! = S + 5.
(iii) This follows from (ii) since T*S17Y = Ty *S1Y and T'y acts on L. O

The theta series associated to the indefinite quadratic form @1 = %Sl is the following
series which converges absolutely on Hy x Hl,, 1.

Definition 3.1. Let z =x +iy € Hy and Y € H,, 1.

Oq,(2, ) =y " Y 7 e(2Qu(T))e T OV,

TeL

6



We can write this as

9621(2 y) _ y(m+2 /4 Z Z e—47ry(7“'fQ1y (9)
nez TeLy
with L, ={T € L: 4Q:(T) = n}.
From the definition it is clear, that ©¢, (z,7)) = ©¢,(2,Y) for v € I'y since I'; acts
on L. (It even acts on L,.)

3.2 Siegel’s theta function

We map L to Z™ via 7 : (A, u,v)" — (A, 2u, )" then the quadratic form transforms
according Q1(T) = 1Q(7T) with the quadratic form Q = 477'Q,7~! and QY [S}'][T] =
1Sy Y [FT] with QF = 477'Qf 1. So

2 2

We write for short Q3 := QF[7.55,'77!]. Then the above theta series associated with
()1 can be rewritten in the form

x v v
O, (2, V) = yma/4 Z €<ZQ<U)+Z~%Q$(1/)) —— y(m+2)/4 Z e(xQ(§)+zyQ§(§))
vezm+2 vELM+2

(10)

It is thus obvious, that O, (z,)) corresponds to a theta series according to Siegel’s
original definition, see e.g. [16].

To be more precise, there is a Siegel’s theta function for each element from the dis-
criminant group associated to the bilinear form 22. Namely, let A = Z™*2 and denote by
A the lattice dual for Z™+? with respect to €2 and by D = A/ A the discriminant group
for 2€2.

Forr € D, 2 =  + iy € H the Siegel theta function for the indefinite form € is
defined by

O, z,Y) =y" T Z e(zQ(v) + 1y, (v)).

v=r(mod A)

We express Og, (z,)) in terms of these theta functions.

©¢,(2,Y) Z@r 2, V), (11)
where the sum is over all ¥/ € D with 2r’ € Z™2,

3.3 Growth estimate

From [16], p.81 and p.117 it follows, that for each ) there is a v € T'; depending on
Y, such that Q3[y] = Qj/“y is reduced in the sense of Minkowski and therefore there is a
constant ¢ > 0 depending on ) for which we have the estimate

e—2ﬂyﬂ$[7](V) <e W S wiv?



Here w; > 0 are the diagonal elements of QJ;[y]. Therefore for fixed ) the theta series is
majorized by (if we replace } by 7))

m+2 oo

y(m+2)/4 H ZefycwinQ. (12>

i=1 n=0

3.4 Vector-valued theta functions

Let V = CP! be equipped with a unitary basis v, which is indexed by r € D.
Subject to this basis we build a vector-valued theta function

O(z.Y) =Y _ O(r,z V).

Siegel’s theta function can be constructed using the Weil representation as was done
by Shintani in [17]. From this it becomes evident, see [17], Proposition 1.6, that for
v € SL(2,Z) there is a transformation formula

O(2,Y) = jmp(7,2)x(7)O(2,)

ﬂi)_m/‘l

e and a unitary matrix x(y) =

with the automorphy factor j_,,2(7,2) = (
(Xr,s(fy))r,se’D .

b

Lemma 3.2. For v = ( CCL d

> € SL(2,Z) one has

e(™)] det(2cQ) -3 e jen © (aﬂ[g+r]—2stsc2(g+r)+dﬂ[s]) L e40

(abQ2[r]) c=0,ar =s

Xr,S(V) = e
0 c=0,ar #s.

]

This was originally shown by Siegel in [16], Hilfssatz 1.
As in [1], [16] we infer from this that the "Thetanullwert’ ©(0, z, )) is an automorphic
form for I'g(4), namely

vl3

00.959) = (5)" (5}) " d-wnlT.200.2,9) (13

foryz(z Z) € o(4).

3.5 A subrepresentation of y

We now choose a subrepresentation 4 of y which for m = 1 and m = 2 corresponds to
the multiplier system for the theta decompostion of the first Fourier-Jacobi coeffcient of
a Siegel (m=1) or Hermite (m=2) modular function. For this let D,, = {0,3}™ be the
discriminant group for the lattice corresponding to 2F,, and define for a € D,,

@a(27y> = Z @((ra,a,rc)),z,y).

274,21 €L
We obtain the transformation formula



Lemma 3.3. i)

0u(—9) =2 el (] 1)) T e2a8)0s(: )
BEDm

i) Ou(z+1,Y) =e(—ata)B,4(2,Y).

Proof. We compute the values of y for the generators ( (1) _01 ) and ( L1 ) of

0 1
TCL Sa
the modular group. Writer = | n and s = Sy with 7y, s, € D,,.
Te Se
i)
0 —1 1 m
xr,s(< - )) = el Vel —Aser, — Asur + 2rs) (14)
ii)
11 ‘
Xrr( 01 ) = e(dryre — 1) (15)

i)
wl(g g ))=o v (16

The formulas stated by the Lemma follow by simple calculations from (14)-(16). Just
remark, that

4e(2rtsy), Sa,5. € {0,%}
B B ‘ _ b 5 ay 2c 72
Z e(—4s.rq — 4s,1re + 21y Sp) {0 else.

7"(177,66{07%}

O
Due to the decomposition of the disciminant group D = A x D,,, with A = {0, Z—i, %, %}2,
the representation space V = CIPI for y can be written as C'6 @ C?" with respect to a
suitably chosen basis. If V' is the direct summand of V related to the subgroup D' =
{r € D:2r € Z™"?} then V' can be identified with C* ® C*". Let 7 : V — V' denote
the projection and o : . \jv; — Y. A; is the trace operator on V.
From the above lemma we deduce that (o o 7) ® E,, intertwines with y and therefore
determines a subrepresentation ¢ on C2".

The vector valued function

®red(z;y) = (@O¢<Z7y))7 ONS Dm7 (17>
is a vector valued modular form w.r.t. ¢ of weight —m/2:

Lemma 3.4. For T € SL(2,7Z) we have

Gred(Tza y) - j—m/2<T7 Z)Z/[(T)Gred(Z, y)



Remark. For m = 1,2 the representation U coincides with the representation for the
vector-valued theta series which comes from the theta decomposition of the corresponding
Jacobi forms, cf. [3],19], [14], [12], [13].

Moreover, in order to establish the Saito-Kuraokawa lift for forms from the Kohnen
plus-space f € S;“_l (if m = 1) or the Kojima plus-space f € S;_; (if m = 2) one is going
to construct vector valued cusp forms in the following way:

Let f(2) = >, a(n)e(nz) be the Fourier expansion for f then put for o € D,

@ =7 almelne/a),

¥ n=4Q1(0,0:,0)(mod 4)

where la = |{ﬁ € Dm : Ql(oaﬁa O) = Q1(07a70)}|'
Then (f,) is a vector valued automorphic form for the representation U. See also [2].
One should observe, that this construction applied to the Nullwert gives our ©,..4.

4 Unimodular invariant Fourier series

Now let us assume, that an absolutely convergent Fourier series

F(2)=F(rwz)= Y  AT)e(T'S:2)

TeL,Q:(T)=0

on ‘H with the property (6) is given, not necessarily coming from a modular form. Such
a Fourier series we call unimodular invariant.
The unimodular invariance implies

FUZ) = F(2).

Remark again, that e(T'S1((UZ)) = e(T'U'S12) = e(U'T)'S12) and T € L is
equivalent to U™'T € L.
We further assume, that for ) € H,,,, the partial Mellin transform

F(iY,s) = /0 h F(iuzY)u " du (18)

exists for R(s) sufficiently large and Mellin inversion can be applied.

We remind the reader that Mellin inversion can be applied if F' is continuous and the
integral is absolutely convergent in some strip a < R(s) < b

For our proof of the Saito-Kurokawa lift we shall employ the following converse theorem
which for the case of Siegel modular forms can be found in [7].

Proposition 4.1. Let F' be defined by an absolutely convergent unimodular Fourier series
as in (5) where the Fourier coefficients are of at most polynomial growth A(T) < Q1(T)%,
with some a > 0, and A(T) =0, if Q1(T) = 0. If for each Y € H,, 41 the partial Mellin
transform F(y, s) fulfills the following three conditions:

i) it is entire as a function of s

ii) it tends to zero as s — oo uniformly in every vertical strip

10



iii) it satisfies the functional equation
F(QV,s) = (=1)"F(Y,k - s) (19)
then
F(2) is a modular form of weight k.

Proof.
We have to check the transformation formula (6) for the generators of the group I'.
By our assumptions on F' we merely have to show that

F(J2) = Qi(2)"F(2). (20)

Following [10], Lemma 1.6, p.48, it is enough to show the transformation property for

the imaginary parts 1YV € ‘H. Each :WW € H can be written as t2) with Y € H,,+1 and
suitable ¢ > 0. Then (23) becomes

F(Jit2Y) = (—t)FF(it2).

Further

where

Note that V € OT(Q1,R) N GL(m + 2,Z) and unimodularity implies F(itz)) =
F(itzVY). (Our V is =V in ([9]).

Now we use the Mellin inversion formula, which is valid for s > ¢, for some suitable
¢ € R and obtain

1 1 ~
F(Ztiy) = % - F(y, S)tist
G / v L s
= 5 §RS:CF(y,k: s)t *ds
— ﬂ/ n —k+s
= o F(Y,s)t™""ds

BT pa( e
= (=) FF(it2Y).

For the last equality we move the path of integration back to %s = ¢, which is possible
because F'(), s) is entire and tends to zero as &s — +oo uniformly in every vertical strip.
By unimodularity the last term equals (—t)* F(it=2V))) and we get the desired result.

O

11



5 Proof of the theorem

Definition 5.1. By S(k—%,U) we denote the space of vector-valued cusp forms of weight

k — % that transform according to the representation U of SL(2,Z)

80 (e y a)Bu (( . 2 )) £(2)

cz+d

for ( Cé cbZ ) € SL(2,Z).

See the above remark how these spaces correspond for m = 1,2 to the Kohnen plus
space S;j,; or Kojima’s plus space S} _,, respectively.

Any f = (fa) € S(k —m/2,U) has Fourier expansions of its components
Ja(2) =) aa(n)e(nqz)
na>0

with n, = n 4+ Q1(0,,0). The occurence of n, reflects the fact that f,(z +1) =

6(@1 (07 a, 0))fa(z)
We defined the Saito-Kurokawa lift of f to be the function

rz) =Y | 3 aa (U ) ors 2)
TeL \de(T)
The proof of the theorem is complete if we can verify (i)-(iii) of Proposition 4.1. This
will be accomplished by the Proposition below.
We write F (), s) as a Rankin-Selberg integral and exploit analytic properties of the
real analytic Eisenstein series for SL(2,Z) of weight | € Z which is given by

El(Z, S) = Z y%efil arg(chrd)'

—( ¢ b €T \SL(2,Z)
- C d oo b

As a function of s the Eisenstein series Fj(z, s) has an analytic continuation to the
whole complex plane. If [ # 0 then ((2s)E;(z, s) is an entire function in s and it satisfies
the functional equation

E(z,8) = &i(s)E(z,1 —s)
with i712% 250 (2s — 1)¢(25 — 1)
ou(s) = l l
C2s)I'(s = 3)T'(s + 3)

This is well known.
Now for f = (f,) € S(k—m/2,U) and Y € H,,,; we define

S = [ Il (21)
SL(2,Z)\H Yy

The integral exists for any s which is not a pole of the Eisenstein series, if f is a cusp form.
Use the estimate (12) for the theta series. Clearly the integrand is SL(2, Z)-invariant. Now
we can show the announced Proposition.

12



Proposition 5.1. Let F' be the Saito-Kurokawa lift of f as above. Then F' is defined by
a unimodular convergent Fourier series as in (5) where the Fourier coefficients are of at
most polynomial growth and A(T) = 0, if Q1(T) = 0. Furthermore for Y € H,,,, the
partial Mellin transform F(y, s) has the following properties:

i) For all s € C with Rs sufficiently large, we have as an identity of meromorphic
functions
k—1

F(Y,s)=n2"°T(s+ %)C(?s —k+1)S¢(Y, s — T)

ii) The Mellin transform F (Y, s) extends to an entire function in s and it satisfies the
functional equation

F(y,k—S):F<y,S)
ii) F(Y,s) tends to zero as s — £o0o uniformly in every vertical strip.

Proof. Absolute convergence of the defining series is guaranteed from the estimate
A(T) < Q4(T) which in turn follows from well known estimates for the Fourier coefficients
of cusp forms. Also the condition of unimodularity is fulfilled due to the special form of
the Fourier coefficients.

As in [7], p.910f we conclude that the partial Mellin transform exists for s sufficiently
large.

The Rankin Selberg integral is evaluated as usual by unfolding the fundamental do-
main. Using (9)-(11) we obtain

o0 1
Svs— oy / / F(2)'®yealz, Yy~ 022y
0 0

2
=2 Sam Y ey
0

n>0 TeL,NLt

2 1
= ;F(S)Za*(n) Z W

n>0 TeL,NL*

We used that » ., = 23 .., p+ due to the fact, that (X, u,v)" € L, implies
(=X, p, —v)t € Ly.
We write as before T = 1/Q1(T)7T° and arrive at

et U BE LD DI o R )

n>0 TeL,NLt

We compare this with the Dirichlet series we obtain when calculating the Mellin trans-
form of F.

13



/ F(iu%y)us_ldu = 2 Z A(’T)/ e 2mVUT )y 5= 1 gy,
0 TeLt 0
A(T) /OO v, 251
= 4 —_— e "o dv
2 mrsyE )

_ 4 1 A(T)
- FF(28)2$ Z W

n>0 TeL,NL*

4 D At (n/d?) 1
R P N U

n>0 T/dEL,, oL+

For the last equality observe that d|e(7) and T € L,, iff T/d € Ly s .
If we use the identity for Dirichlet series:

C2s—k+1)> 07(;1) -y S A e(n/d?)

n>0 n>0

nS
and the well known identity for the Gamma-function

(2s) 2%t 1

the statement of (i) follows from (22) for all s with $s sufficiently large.

(ii) Since f is a cusp form the Rankin Selberg integral gives a meromorphic continua-
tion for F/(),s) as function of s to the whole complex plane.

It is entire since ((2s — k + 1)E_x(z,s — k/2 4+ 1/2) is an entire function for even
positive weight and the poles of I'(s +1/2) at s = —1/2 — n for n € N are annihilated by
the zeroes of the zeta function. Here it is important to notice, that k is even.

For our purposes the most important fact is, that it inherits the functional equation
of the Eisenstein series. Beside the functional equation for the Eisenstein series we use
the well-known functional equation for the (-function

(23)

F(ﬁ)
((s) =m"2—2-((1—s) (24)
I'(3)
and besides (23) we recall the familiar identity for the Gamma-function
[(s)[(1—s) = — (25)
~ sin(ms)’

We start with the functional equation for the Eisenstein series

k—1,  iFFHI2aT (25 — K)(C(2s — k) 1k
Bz s == ”‘Q%—k+1w@+§w@—k+§fl“%§+§_Q
to obtain
5 ikok—2s %—s _ _
F.s) = "2 25 ST (25 — k)((2s k)Sf(y,—s B+ 1)/2)

I(s—k+3)
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Now we apply Eq. (24), which gives

iF2F=25 =R (25 — B)T(EEL — 8)¢C(1 4+ k — 25)

.9 = MGk + DG 5)

Si(V,—s+ (k+1)/2).

Next apply (23)

. koLt R (L E p (L 4k §)C(1 4k — 2s)
F = 22 22 S — k+1)/2).
(y>s) F(S—k—i—%) f(y> 3+( + )/)
Now from Eq. (25) follows
1 1 k T

k
NG TG 79 S =00

and ] 11
™
—=-T(= — k) si 1—2k)=).
T (2 s+ k)sin(ms + ( )2)
Since k is an even integer

sin(ms + (1 — 2k) %)
sin(ms + (1 —k)%)

= (-1)
and we obtain

F(Y,s) = zlwéﬂ’fr(% k= $)C(+ k= 28)8, (Vs —s + (k +1)/2),
which by part (i) of the theorem is the same as F(Y, k — s).

This proves (ii).

(i) By Stirling’s formula and the functional equation sF (Y, s) and (k —s)F(Y, k — s)
are bounded on Rs = ¢ for some suitable ¢. Because of the functional equation in (ii) the
same is true for. By the Phragmen-Lindelof theorem it follows that we have boundedness
of sF (Y, s) in the whole strip k — ¢ < Rs < ¢ and therefore (iii) follows.

References

[1] W.Duke: Hyperbolic distribution problems and half integral weight Maass forms;
Inv. math. 92 (1988), 73-90

[2] W. Duke, O. Imamoglu, A converse theorem and the Saito-Kurokawa lift Inter-
nat. Math. Res. Notices 1996, no. 7, 347-355.

[3] M. Eichler, D. Zagier The Theory of Jacobi forms; Progr. Math. Vol. 55,
Birkhauser, 1985

[4] J.Elstrodt, F.Grunewald, J.Mennicke: Groups Acting on Hyperbolic Space -
Harmonic Analysis and Number Theory; Springer 1997

[5] J.Elstrodt, F.Grunewald, J.Mennicke: Arithmetic applications of the hyperbolic
lattice point theorem; Proc. London Math. Soc. 57 (1988), 239-283

15



(6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

J.Elstrodt, F.Grunewald, J.Mennicke: Vahlen group of Clifford matrices and
spin-groups; Math. Z. 196 (1987), 369-390

K.Imai:Generalization of Hecke’s correspondence to Siegel modular forms Amer.
J. Math. 102 (1980), no. 5, 903-936.

A. Krieg: The Maass spaces on Hermitian half-space of degree two; Math. Ann.
289 (1991) , 663681

A Krieg,: Jacobi forms of several variables and the Maass space; Journal of
number theory 56 (1996), no. 2, 242-255.

A. Krieg: Modular forms on half-spaces of quaternions, Lecture Notes in Math-
ematics, 1143. Springer-Verlag, Berlin, 1985.

H. Kojima: An arithmetic of Hermitian modular forms of degree two, Invent.
Math. 69 (1982), no. 2, 217-227.

R.Matthes: The Saito-Kurokawa lift and Siegel's theta series; Int. J. Number
Theory, 13, No. 7 (2017) 1679-1693, DOI: 10.1142/S1793042117500968

R.Matthes: A note on the Saito-Kurokawa lift for Hermitian forms; preprint
(2018)

R.Matthes, Y.Mizuno: Spectral theory on 3-dimensional hyperbolic space and
Hermitian modular forms to Hermitian modular forms,Forum math.,ISSN (On-
line) 1435-5337, DOI:10.1515/Form.2011.0113 (2012)

S.Katok, P.Sarnak: Heegner points, Cycles and Maass forms;
Isr. J. Math., 84 (1993), 193-227

C. L. Siegel: Lectures on Quadratic Forms, Tata Institute of Fundamental Re-
search, Bombay 1957, reissued 1967

T. Shintani: On construction of holomorphic cusp forms of half integral weight,
Nagoya Math. J. 58 (1975), 83-126

T. Sugano: Jacobi forms and the theta lifting; Comment. Math. Univ. St. Paul.
44 (1995), no. 1, 1-58.

16



Bisherige Research Papers:

Nr. 1 Februar 2017

Berlemann, Michael; Christmann, Robin.
The Role of Precedents on Court Delay.
Evidence from a Civil Law Country.

Nr. 2 September 2017
Matthes, Roland.
A note on the Saito-Kurokawa lift for Hermitian forms.

Nr. 3 Februar 2018

Christmann, Robin.

Prosecution and Conviction under Hindsight Bias in
Adversary Legal Systems.

Nr. 4 Marz 2019
Broere, Mark; Christmann, Robin.
Takeovers, Shareholder Litigation, and the Free-riding Problem

Nr.5 Marz 2019
Matthes, Roland.
Vector-valued Cusp Forms and Orthogonal Modular Forms



L]

Leibniz FH

SCHOOL OF BUSINESS

Leibniz-Fachhochschule
Expo Plaza 11
30539 Hannover

www.leibniz-fh.de




