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1 Introduction

Today the methods of multivariate statistics are widely spread and serve as as a powerful
tool for detecting and analyzing dependencies between different sets of data. Of course,
the primary goal is to make inferences regarding possible relations between the underlying
random variables, such as height, weight and income. Any such hypothetical relation we
call a model. Typically there is a vector X = (X!, ..., X*¥)T of independent variables, called
regressors and another vector Y = (Y1 ..., Y?)T of random variables, called regressands
which is assumed to depend on X. We shall write

Y ~ F(X)

if the model states a functional dependency F'.

The most common approach e.g. in econometrics consists of searching for linear mod-
els, i.e. where F is just a (affine)-linear expression, and this is closely related to what is
called linear regression and correlation analysis.

The purpose of this paper, which is intended to be continued by subsequent work, is
to describe the geometric nature of correlation analysis. More specifically we emphasis
the aspect of spherical geometry and work with the standardized variables which can be
viewed upon as elements on the hypersphere S"~2. The fact that the sample correlation
coefficient can be written as the inner product of the samples and hence measures the
angle between them is well known to all statisticians and this geometric point of view
was already taken by Fisher [6]. Yet the probability distributions for the test statistics
of correlation and multiple correlation coefficients, namely Student’s t-distribution and
Fisher’s F-distribution, are in general derived by standard methods from analysis. Here
we shall derive these distributions geometrically using the surface volume measure on the
hypersphere. See [4] for a similar approach in the case of Student’s t-distribution and [12]
28.29 for a sketch of proof in case of Fisher’s F-distribution.

We further show that prominent tests such as the t-test and analysis of variance
(ANOVA) can be interpreted as correlation tests and are therefore geometric in nature.

There are several authors, e.g. Saville/Wood in [10], [13], that use a geometric setting
also for didactic reasons, since they may help in a very natural way to gain a more intuitive
understanding for the occurrence of probability distributions. Nevertheless most standard
textbooks of today avoid geometric arguments.

With our paper we intend to give an inspiration for those who are looking for some
intuitive approach to correlation analysis, e.g. for teaching purposes.

In a forthcoming paper we want to show, that also nonparametric tests such as the
Wilcoxon rank-sum-test can nicely be interpreted as correlation tests and the distribution
of the test statistic can naturally be derived in a geometric setting.

For further articles where the geometric picture is taken into account, we refer the
reader to [2], [5], [8].

2 Simple linear regression and correlation

Subject to repeating a random experiment several times which means to take a sample
of size n (synonymously: n trials, n observations) for some random variable X, we intro-
duce random variables X; for the value of the i-th trial. We assume that the trials are
independent and that each trial follows the same distribution.



~ Weput X = % >, X; and form the centralized random vector X, = (X; -X, ., X,—
X)T and the standardized random vector X, = \é_cll’ where ||.|| denotes the Euclidean
norm.

2.1 Sample correlation coefficient

Given (real valued) samples z = (z1,...,2,)7, ¥ = (Y1,..,Yn)T of size n for X and Y.
We regard = and y as elements of the Euclidean vector space R™ with its standard inner
product. As usual we define the sample mean and the sample variance for x by

and

respectively.
The sample correlation coefficient due to Pearson is defined by

(= 2) (Y — ?3).

B (n —1)sys,

Tzy

In terms of the standardized sample data & = (&1, ...,&)T,n = (91, ..., n,) T with

Vn—1s,’ = vn—1s,
the correlation coefficient can be written as the inner product
Tey = Z&nl = <€7T]>
i=1

In (1) we introduced the factor 1/y/n — 1 to give the standardized sample variables
the Euclidean length

1€l = V(&€ =V nm =1.

Hence the Pearson sample correlation coefficient measures the Euclidean angle 6,,
between the samples
Tay = COS Uy

2.2 Linear regression

It is an easy exercise to show,
Oy =0V 0, =7 & Viy, = a+ bz,

with some real constants a,b # 0.
If this is the case, the data samples x,y € R™ are said to be in perfect linear correlation.
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Figure 1: The correlation coefficient measures the angle between samples

The objective of inductive statistics is to infer from given data samples some model
for the underlying random variables X, Y.

The process of finding an optimal linear model Y ~ a 40X with b # 0 on the basis of
two real valued data samples x,y € R™ of size n is called linear regression. In this context
optimal is commonly understood in the sense of least squares approximation, which goes
back to Gaufl and means that a,b should be chosen such that the sum of the squares of
the differences e; = y; — (a + bz;) becomes minimal, i.e. we want to minimize

n
Ala,b) = Z el
i=1
From the geometrical standpoint this is most natural, since if we think as before of
the data samples z,y as elements of R™ with its natural Euclidean structure, then

Afa,b) = [ly — (bz + a)||> = (y — (bz +a),y — (bz + a))

and hence is a measure for the difference of the vectors y and bx + a. Here we write a

instead of (a, ..., a)T.

It is a simple exercise in differential calculus to obtain the optimal solution

s
b=ry—~2, a=y—0bT
Sz
and the linear regression model
s 5
Y ~ 1yt X + 0§ — 1y 27 (2)
S.Z’ S$

2.3 Linear regression in the context of the standardized vari-
ables

Performing linear regression for the standardized samples turns out to make computations
simpler. At first remark, that the centralized sample vector x. = z —  is orthogonal to



any constant vector a. (As above we write Z, « for the corresponding constant column
vector.) Indeed

(e, 1) = sz —nz = 0.
i=1
Hence (£, 1) = (n,1) = 0 which yields

In = BE = all* = lInll* + B*IE]I* + na® = 28ry, = 1+ 57 + na® — 261y,

Therefore the optimal values are at once seen to be a = 0 and 5 = r,,. So 3 is obtained
by orthogonal projection of n onto the line given by \¢.
For the standardized variables then regression model attains the pretty simple form

Y, ~ Ta:st- (3>

We regain (2) simply by substituting the defining expressions for the standardized
samples into this formula. So there is no loss of information when working with the
standardized samples.

In terms of spherical geometry we obtain the following interpretation:

1. The sample correlation coefficients r,, measures the distance of the
standardized samples as elements of the n — 1-dimensional hypersphere S" .
Since standardized samples have mean zero, they are even elements of an n—2-dimensional
hypersphere.

2. Linear regression turns out to be the orthogonal projection of one stan-
dardized sample onto the other.

In other words: Standardizing the samples and interpreting these sample data as
geometric objects on a hypersphere gives a very natural infrastructure for linear regression
and correlation analysis.

Having in a mind a generalization to multivariate statistics and canonical correlation
analysis there is a more sophisticated way to formulate this: Linear subspaces generated
by (standardized) samples (here: A) correspond to points on a Riemannian manifold
(here: S™™1) and correlation is a measure for their (geodesic) distance (here: the round
metric ds(€,n)) = arccos(ryy)).

At least for n = 3, the spherical geometry is easy to understand and it thus may serve
as an appropriate language to talk about correlation. Great circles are the geodesics and
the geodesic distance between two points is given by the angle between them. As a caveat
one has to conceed, that for n > 3 these concepts can no longer be visualized, but if we
are willing to accept that the geometric terms of length and angle in higher dimensions
are consistent with our geometric intuition in 3 dimensions, this will help us to gain better
insight into the true nature of correlation. In what follows we shall apply these geometric
concepts to multiple linear regression models.

Remark. For the standardized sample perfect positive linear correlation means n = &
while negative linear correlation is equivalent to n = —&. So they correspond to the same
point or to antipodal points on the sphere. If we do not distinguish between positive
or negative linear correlation, then perfectly linear correlated samples correspond to the
same points on S"7!/ ~ where ~ stands for identifying antipodal points and this is the
projective space P(R™).

Now we are going to show, how these geometric arguments carry over to testing the
significance of the sample correlation coefficient.



3 Correlation test

3.1 Classical testing

Classically, when we perform a correlation test we test the null hypothesis for the true
Pearson correlation coefficient p = %

Hy: p=0 vs. Hy: p#0

based on the value of the sample correlation coefficient r,.

It is assumed, that X, Y have a bivariate normal distribution. Then it is known see e.g.
9], that p = 0 implies independence, so in this situation uncorrelated and independent
means the same.

As a statistic for the test one takes

Ty
% /n— 2,
see e.g. [3].
This statistic is known to have a Student’s distribution with n — 2 degrees of freedom,
the corresponding density is given by

In what follows we want to derive this result by a geometric approach.

3.2 Geometric approach
3.2.1 Spherical distribution

A random vector Z = (Zy,..., Z,)T is said to have a spherical normal distribution if it
possesses a multivariate normal density function

F(1) = (2mdet T) ™2 expl(— 5 (¢ — 1) Tt — i)

with ¢ a column vector, yz € R™ the mean vector and where the n X n covariance matrix
has the form I' = cE. Here FE is the identity matrix and ¢ > 0.

If A is an orthogonal matrix and the random vector Z is spherical normal, then also
AZ 4+ b is spherical normal for any column vector b, since AT¢c 'EA = ¢ 1E.

Now for A we choose the Helmert transformation

1 1 1
N Vn ) vn
1 1 o . 1 __ n—1
n(n—1 n(n—1 n(n—1 n(n—1
Vv (1 ) Vv (1 ) ) - 2_2 ) (n—1)
A= Vin-1)(n-2) /(n-1)(n-2) = = /(n-1)(n-2) V(n—1)(n-2)
) 1 . .
NG v 0 . . . 0

which is easily seen to be an orthogonal map that sends the diagonal (1, ...,1) to (1,0, ...0).

6



Therefore it has the property, that

ANZ—(Z,...2)")=(0,Z)

with Z; € R" ! and Z; has zero mean.

From the above it follows that Z is spherical normal if 7 is.

Now we apply this to our random column vectors of trials (X1, ..., X,,)7, (Y1, ..., Y,,)T
introduced above, where we further assume X,Y to be normal. The trials shall be in-
dependent and identically distributed which clearly implies that the random vectors are
spherical normal.

Therefore also X, Y are spherical normal and have zero mean.

Since A is a Euclidean isometry we obtain with the notation as above

XLl =Xl Yzl = [1Yell-

The standardized variables X; = X./||X.||,Ys = Y./||Y| therefore correspond to points
Xr.s:= X/ X0, Yos :==Y2/||Yz|| on the (n — 2)-dimensional hypersphere S"~2. These
points can be interpreted as the directions of the vectors X, Y;. The correspondence is
isometric with respect to the Euclidean inner product on the ambient R"~2, meaning that

<XL,87 YL,s> - <X57 §/S>

The projected spherical normal distribution for X; and Yz on S™" 2 is the uniform
distribution. To see this, introduce polar coordinates and observe that the density measure
for the distribution is proportional to

1 2
exXp(—5 (5 + v+ )bty =7 exp(—%)dr d6:...d0, .

Integration over r gives the projected distribution. The corresponding density is constant,
meaning that X s, Y7 ¢ are uniformly distributed on S™ 2.

3.2.2 Geometrical testing

Assume that X, Y are bivariate. The Nullhypothesis Hj states, that X and Y are uncor-
related which in this case means the same as being independent.

Since X7, g, Y7 s are uniformly distributed on S"=2 the probability distribution for the
angle 6 they enclose is clearly given by a ratio of volumes

Vol(S;)
< H g _—
P(16] < t|Ho) 2\/01(5%2)

where
Sy =A{(t1,...,tn-1) € S”_2| cost <t, 1 <1}

is the upper spherical cap corresponding to the angle ¢ as shown in Fig. 2.
Because of rotational symmetry the center of the cap can be chosen arbitrarily.
To compute its volume we use the standard parametrization

Tp—9 - (¢1, -"¢n72) — Rnil



Figure 2: Spherical cap around u

. . . L SiH(le)
given inductively by m = ( cos(én) ) and

. 7Tl_1(¢1, . le—l) sin((bl)
7Tl(¢1,...,¢l) - ( COS(¢1) )

where ¢; € [0,27[ and ¢; € [0,7] for 1 < 7 <[. The Gram determinant gives

g = (5" (Gp3) sin" " (dr-a)... sin (1))

and one obtains the well known formula

27 (n—l)/2
Vol(S™2) / / 3 pps)sin™ By _a)...sin(¢1)dey...d, 3 = —2;(71—1) :
2

Further for the spherical cap

Vol(S;) = / / / “Hpn-3) S Ppa)... (1 )db1...dDn 3

which can be written in the form

Vol(S;) = Vol(S™?) /Ot sin”3(¢)dg.

Summarizing these considerations leads to

P(0] < t]H,) = Tl / / sin™(8)d. (4)

We are going to link this with the Student’s t-distribution and recall the relation
Tzy = c08(fy,) which yields
o = cot(byy).

,/l—r:%y



With this in mind, substitute u = v/n — 2 cot(¢) in the integral of Eq.(4), so

2

du = —vn—2(1+ 4 2)d¢>

n —

and we obtain

2
(4 1-n
5) 7 du. (5)

—V/n —2sin"?(¢)dp = (1 +

Recall that I'(2) = /7 and so the distribution in (4) is revealed to be the ¢- distribu-
tion.

Alternative assumptions on the distribution on X and Y For the classical t-test
on an existing correlation between X and Y one generally assumes that they are bivariate
normally distributed. Yet in this situation uncorrelated and independent, means the same.
So in the end, we are testing for independence.

From the above it further becomes apparent, that alternative we may impose the
condition that their standardizations (directions) are uniformly distributed and perform
a test on independence of the directions.

4 Multivariate case

In the multivariate case we meet the situation, that the set of variables is separated into
two subsets of independent and dependent variables. We shall confine ourselves with the
case of one dependent random variable Y and & independent random variables X1, ..., X*.
We write X = (X1, ..., X¥)T for the column vector of independent variables.

When taking samples 2/ = (1, ...,22)", (y1,...,yn)" of size n the random variables

Y;, X7 again read out the corresponding values of the i-th trial. In the sequel we shall
confine ourselves to the case of one dependent variable.

4.1 Multiple correlation coefficient

The multiple correlation coefficient R > 0 is by definition built from the bivariate ones
pxiy by the formula

R® = piy Ry pxy (6)
where R x is the correlation matrix
Rx = (PXiXJ’) (7)

and pxy is the vector
pxy = (px1y; - Pxry)- (8)

The corresponding multiple sample correlation coefficient is given by

R2 = ngyRﬂzlpmy (9)



where R, is the sample correlation matrix

1 Telg2 o . Tglgk
Trp2p1 1 e T2k
R, = . ) .. . ) (10)
Trpkgpl  Typkg2 1
and 74, is the vector
Toy = (T4iy). (11)

4.2 Multiple linear regression

A linear model in this case has the form

k
Ywa—l—ijXj:a—l—XTb.

i=1
with column vector b = (by, ..., b;)T. Again linear regression is concerned with finding an

optimal linear model on the basis of some sample of size n with values

Yy = (yla -"7yn)T,xj = (Z'Jl, ...,fﬂ%)T, j = 1, ,k

Write x for the data matrix
x = (2!, ..., 2%).

Linear regression chooses the least square method for the optimal linear model, which
means that one has to find the minimum of

n

D(a,b) = Z(yj —(a+bz; + ..+ b;@?))?

j=1
Using vector notation this takes the form
D(a,b) = |ly — (a + xb)|*

with a = (a,..,a)", b= (by,...,b;)" and argminD(a, b) are the parameters for the optimal
linear model

Y ~a+ X7

It is not hard to solve this optimization problem by use of some standard calculus.
We shall not give the formulas here, but derive the equivalent ones for the standardized
variables as in the previous section.

4.3 Standardization

Just as in the bivariate case it will not only simplify the formulas but also provide more
insight into the underlying geometric principles when we work with the standardized
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sample variables n;, & with corresponding vectors n, & and matrix & = (€', ...,£F). We
are looking for

argmin(A(a, 8)) = argmin(||n — (a + €5)|*)
with a = (a,..,a)T, 8= (B, ..., Bk)T.

In this case the calculations are less involved. The reason for this comes from the fact,
that by construction the standardized variables have zero mean

Zé}j = 2772‘ =0
=1 =1

and norm [|£Y]] = ||n|| = 1. As a consequence

(n,a) =0, &a=0.

We use this in the following computation:

In—(a+€8)I1° = 1+ |lal* —2(n,€B) + I€BII".

The minimal value is obtained for a = 0. In order to determine argmin(—2(n, £3) +
1€65]|%) the necessary condition

V(=2(n, &8) + [I1€BII*) = 2(~€"n + £ €P) = 0. (12)

leads to
B=R"ry (13)

where r,, = €'y is the vector in (11) and we use the fact, that the sample covariance
matrix R, in (10) can be written as

R, = €T€

The linear regression model based on the the standardized samples reads

Y; ~ Xnglrmy- (14>

In order to obtain the original linear model and the hyperplane of regression for the
non-standardized variables one may again substitute the defining expressions for the stan-
dardized variables into this formula.

4.4 (Geometric interpretation

We shall visualize the case where we have two samples 2!, 2. In what follows we already
assume that the Helmert transform A has been applied to the standardized variables and
by abuse of notation we shall omit the index L.

The perfect linear correlation for the standardized variables

n= 5151 + 5252

would mean, that 7 lies in the plane E spanned by &' and £2. If this is not the case
the distance between 1 and E, which means orthogonal projection of n onto E, may serve
as a natural measure for the deviance from perfect correlation.

11



Figure 3: Orthogonal projection of n onto F

For more than two independent variables everything works in complete analogy. (Again
we omit the index L.) We consider the orthogonal projection of 1 onto the flat spanned
by &1, ..., €%, Of course this amounts to finding 3; which minimize ||n— 81! + ... + Br&F||2.
This of course is the same thing as least square optimization and we are looking for the
same (3 as in (12) to obtain the orthogonal decomposition

n==§&0+(n—¢&P).
Let 6 denote the angle between 7 and the flat. Then

I = &B]| = sin(0)
which gives us the Euclidean distance between n and E.
A computation gives:

sin?(0) = (n — €68,n —€B) = (n,n — &£B) =1 — (1, €5)
and this implies
cos?() = 1 —sin*(0) = (n, €B) =L, R_lrwy

Ty VX
by means of (13) and (11).

The rhs of the above equation corresponds to the square R? of the usual multiple
correlation coefficient as defined in (9).

So we again see, that there is a very natural geometric interpretation of the multiple
correlation coefficient in terms of the angle between 1 and the flat spanned by the £°.

We summarize the above and obtain in complete analogy to the bivariate case:

1. The multiple sample correlation coefficients R measures the angle be-
tween one standardized sample and the flat spanned by the others.

2. Linear regression turns out to be the orthogonal projection of one stan-
dardized samples onto the flat spanned by the others.

In most textbooks on statistics the square R? of the multiple correlation coefficient, also
called the coefficient of determination, is explained due to a decomposition of variance
into an explained and an unexplained part. On the basis of this analysis of variance
(ANOVA) one can perform an F-test on significance.

12



There is a geometrical derivation for the distribution of R? which we want to present
in the next chapter. In [12], 28.29 a similar approach is sketched.

5 Multiple correlation test

As just mentioned, the classical significance test for the coefficient of determination uses
the F-distribution, which is the quotient of two Y2-distributions for the explained and
unexplained variance, respectively.

5.1 Geometrical testing

Geometrically the situation is depicted in figure 3:

Figure 4: Spherical cap

Let for any vector n denote 6, € [0,7/2] the angle between 1 and the flat spanned by
¢, .., &% 1f 0, > 6 then for the corresponding coefficient of determination

R? < cos* 0 (15)

We assume that X7, Y are multinormal. Then as in the bivariate case, the correspond-
ing directions X };’S, Y7,s are uniformly distributed. We want to derive the distribution for
R? under Hy : R? = 0. Then as in the bivariate case, all variates are pairwise directional
independent.

We have to compute the conditional probability P(R* > t|Hp). In order to make
this explicit, we assume w.k.o.g. that the flat spanned by &', .., &% is spanned by the
unit vectors e, _y,...,e,_1. For a fixed angle 6 we denote by 0372 the region of all s =
(81,0, 8n—1)" € S"2 such that

Now P(R? > cos?(6)|Hy) corresponds to the ratio of volume of Cy 2 and the volume of the
hypersphere. In order to compute the volume, we choose an appropriate parametrization

of S"2.
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For the hyperspheres S’ we already introduced the standard parametrizations m;. Fur-
thermore for m, [ > 1 we consider a map p,; : S™ x S x [0, 7/2] — S™H+1 which assigns
to (P,Q,7) the point (Psin(7),Q cos(7)) and gives rise to another parametrization for

GmA+L.
T (D1 oy ) SIN(T) >

Tond(B1s s Gy V1, s 1, T) = ( MW, s ) cos(7)

with Gram determinant

g = (5in™ N (@p_1)...sin(¢py))*(sin' ™ (¢y_1)... sin(vpy))? sin(7)? cos(7)*"

We use this parametrization with [ = k£ — 1 where k corresponds to the k£ independent
random variablesand m=n—-3—-1l=n—k — 2.

Vol(C7—2 Vol(SF1Vol(Sn—k=2) ¢ _ e
—Vol((Si—Q)) = ( Vol)(S"_(z) )/0 SlIl(T)k 1cos(T) k=247

20 [0 ke —
W /0 sin(7)"~" cos(T) dr.

P(R* > cos®(0)|Hy) =

5.2 Comparison with the classical F-test

Assuming Hj the test-statistic F' = % —k __ is known to be F(n—k—1, k)-distributed,
which has density

k

ONC N e

2

gn—k—l,k($) =

It is an easy exercise in calculus, that the substitution 7 — x = cot2(7')n_’:,z_1 in the
upper integral yields
o0

P(R? > cos(6)| Hy) = / oo i1 p(x)dz = P(F > Fy)

Fy

with Fy = cot?(0) —r—.

6 T-test, ANOVA and linear regression

In applied statistics the probably most frequent test situations consists in testing whether
the mean px of some random variable X equals a fixed g or if the means of k£ random
variable are equal.

Here we take a sample 2/ = (2 w1}, )T of size n; corresponding to each random
variable X7 and call it a group. In applications the random variables measure the same
quantity, say weight, but within different groups, say male, female.

If £k = 2 one usually distinguishes between paired and unpaired samples and if k£ > 2
there is a balanced and an unbalanced design. For k£ < 2 a t-test is applied, while
for £ > 2 an analysis of variance (ANOVA) is performed which uses an F-test for the
quotient of between-group and within-group variance. In a slightly more general setting
we distinguish between one and more-factorial ANOVA. Here a factor causes the sample

14



to be split into groups, corresponding to the levels of the factor. If there are more factors,
the combination of levels just causes the existence of more different groups.

In this section we want to show that t-test and also ANOVA are special cases of a
significance test for correlation or coefficient of determination after introducing categorial
variables.

6.1 Two sample t-test

We assume that we have two samples {z;} and {y;} of size n, and n,, resp.. It is
assumed that the corresponding random variables are both normal with the same unknown
standard deviation o and means ux, py. If one is willing to test whether their means are
different, we want to reject

Ho: px =py.

For this one introduces the test statistic (see e.g. [1], 14.6.1)

T — n— 2)n,Ng
p— Y ( )ny (16)
V(e = D52 + (n, — 1)s? n
which is known to have a Student’s t-distribution with n — 2 degrees of freedom. Here
as before 7,y are the sample means and s2, Sz the sample variances.

We compare this with a sample correlation test, where we form the union of the two
samples {2z} = {z;} U{y,} and introduce the categorial (characteristic) variable C' which
is 0 for those k where z; belongs to the first sample and 1 else. As before c¢ is the
corresponding sample variable.

The null hypothesis Hy : ux = py implies that X and Y are identically distributed and
therefore the sample z = (x1, ..., Tp,, Y1, .-, yny)T can be viewed as n, +n, observations for
the same normally distributed random variable Z. So clearly Z and C' are independent
under Hy

Let ¢ = —2=2— denote the standardized variable for z and v = \/gsc.

n—1s,
An elementary calculation shows, that /n — 1s. = y/n,n,/n and the sample correla-
tion coefficient equals

(ZZ:I 2k Cr) — nyZ

Tz2e = <C7 '7) = .
Vn —1s, /™
Of course .
Z 2kCr = NyY
k=1
and
- n Nz Ny ny - -
nys = Q@i ) = (nad + )
i=1 j=1
hence

ny(g_z) n

TZC et =

NN NxN
v — 18,4/ n—1s,4/=

15



Further

i:(xz -z = i(% R (7))
— Zx(x,;_;z)uz%(az—g) ‘x (zi — )
+n, (%(5—37))2

and similarly

i i nn
Y—2=) -9+ G —1)’
7j=1 Jj=1
Therefore
Ny Ny
NgMy - _
(n=1)s2 =Y (i = 2" + 3 (g = 2 = (me = Vs + (ny = s+ =25 — 2.
i=1 j=1

Eventually we arrive at

T2e = DaTly i . (17)
Von S = Ds2+ (ny = 1)+ 2222 (5 — 2)?

2
y
For a significance test with Hy : pzc = 0 we choose as above the statistic

TZC

and by an elemtary computation from (17) we obtain that this statistic equals the
statistic ¢ from the t-test (16):

n— 2,

Tse (n —2)n,n, T—7
——=Vn-2= Y (18)
VI-1% m e = Ds2+ (n, - 1)sd)

So in the end, we see, that the above t-test and the (dichotomic) correlation test turn
out to be equivalent.

Remark. Also the one sample t-test can be treated as a correlation test. Here we have
for a random variable X one sample {x;} of size n and the null hypothesis Hy : p = po.
In this case we proceed as in the two sample case with an additional ”constant” sample
Y;j = fo,J = 1,...,n. The same calculations as above give

L N, S el ol
V1—712, Sa

which coincides with the test statistic for the one sample test, see e.g.[1], 14.4.
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6.2 ANOVA

When more than two random variables groups shall be compared then as described above
ANOVA generalizes the t-test. For k random normal variables X7, all assumed to have
the same stadard deviation, we have a sample 27 of size nj, j = 1,..., k. We want to test
whether all means py; are equal,

Ho . M1 = ... = Ug.
The test statistic is given by
_ SQA(n—k)
- SQR (k—1)’

see e.g. [7], p.182, where
SQA=Y n;(# —2° SQR=) (n;—1)s},.
i,j J

It follows an Fy_1,_j-distribution. Let SQT := (n — 1)s? then it is easy to verify that

SQT = SQR + SQA. (19)

We shall now see, that ANOVA is the same as the significance test for multiple
correlation as done above.

For this we form the union of all samples {2} = |J; j{yf } and introduce k categorial
variables ¢V which are just the characteristic variables for the k groups and c{ be the
corresponding sample variables, i.e. c{ =1if z € {yl ..., yﬁlj} and zero else.

Remark. For our linear regression we actually only need the first £ — 1 characteristic
variables C, ..., C*~! since the elements of the k-th group are automatically identified as
those elements for which all other characteristic variables vanish.

Under Hy all X7 are identically distributed. We may now perform multiple correlation
analysis with z = (z1,...,2,)7 the sample for the dependent variable Z and C7, j =
1,..,k — 1 are the independent variables. Our claim will follow from

Lemma 1. Let R? be the coefficient of determination for the multiple linear regression
model

k—1
Z ~ a -+ Z bjCj.
j=1

Then

1-R?=222"
R =5or

Proof. First observe that Z§:1 C7 = 1, where as before 1 shall denote the constant
vector. Therefore we can rewrite the model as

k
J o~ Z OéjCj.
j=1
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Let ¢ = \/7 denote the standardized variable for z and 77 = \/if—c then we find

from our previous calculations that

k—1

1— R =min|¢ =) 87"
B; —
7j=1
Re-substitute the standardized variables, then with appropriate o;
I — Zﬁﬂ/ | = \/— ZQJC]”

and therefore .
SQT(1-R*) =min |z — Y a;d |,
Remark, that in the latter sum the k-th sample variable is reintroduced by means of
the relation 1 = 2?21 .

The minimum is attained, if «; are chosen such that Zle a;cd is the orthogonal
projection of z onto the flat spanned by the ¢/, so we have to choose «; subject to the

conditions .
(z — Zozjcj,ci) =0
j=1

for all i. Since (¢, /) = d;;n; this gives a;; = ¢’ and hence

k
SQT(1—R*) = |lz— Y _#d|]* = SQR.

j=1
This proves the lemma. O]
Now by (19) we deduce
R2 _ SQA
SQT
and therefore
B R n—k
C1-R2Ek-1

So we see that the test statistic /' from ANOVA is identical to the test statistic of the
significance test for the corresponding multiple correlation coefficient.

Conclusion. As we have seen that t-test and variance analysis can be explained as
correlation tests they eventually can be given a geometric meaning. This may perhaps
help to explain the underlying concepts for the tests more intuitively.
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